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A solution has been tound, by the method of finite integral t~amfor- 
mat.ions, of the heat conduction equation for a hollow cylinder, 
heated asyrnmettically around its petirnetex, under general boundary 
conditions. Formula s are given which reduce the problem with non- 
uniform boundary conditions to an equivalent problem with unifo~rn 
boundary conditions. 

Solutions have been given in [1, 2] of the heat con- 
duction for hollow cylinders heated symmetr ica l ly  
around their  perimeter ,  under various nonuniform 
boundary conditions. These solutions were obtained 
by the method of finite integral t ransformations,  and 
therefore,  as has been shown by Greenberg [3], they 
cannot satisfy nonuniform boundary conditions at the 
boundary. Substitutions were given in [4] which allow 
a problem with nonuniform boundary conditions to be 
reduced in certain cases to a problem with uniform 
boundary conditions. We note, however, that of the 
six expressions given, only two (1 and 3*) satisfy the 
nonuniform boundary conditions on both surfaces.  
There are evidently e r ro r s  in the remaining expres-  
sions. 

In the industrial pract ice,  especially in the tube 
manufacturing industry, massive tubes are  often 
heated asymmetr ical ly  around their per imeter .  

There is therefore interest  in solving the following 
problem of heat conduction in hollow cylinders under 
general nonuniform boundary conditions: 

1 at(r, % x ) _ .  c)~t(r, q~, x) + 1 dt(r, ~p, x) + 

a 0 x Or" r dr 

1 O"t(r, q~, ~) + L ( x ) t ( r , % z ) + Q ( r ,  ~, x) + 
r"- O ~2 1 

at (R,, ~, ~) 

, (1) 

at 
Or 

b,t(R,, % x) = kt ,1 (T, x), (2) 

a., 
Ot (R.~, ~, ":) 

01" 
+ b=t (R..,, ,p, x) = ~,r 9,  (3) 

t(r, 0, x) = t (,, 2~, x), (4) 

t(r, % O)= t,,(r, ~o), (5) 
R , ~ r ~ R . _ ,  "r > O. 

We shall solve the problem by the method of finite 
integral t ransformations [5]. For  the solution obtained 
to satisfy the nonuniform boundary conditions, we 
shall represent  the desired function in the form 

*This is the numbering of [4]. 

t (r, % "0 = u (r, % x) -4;- z tr) apx (% x) 7f- 

+ f (r) 1r (,p, x) -- k.~ r (,~, x)l, (6) 

where u(r, ~o, r) must satisfy the uniform boundary 
conditions, while the functions z(r) and f (r) must be 
continuous in the interval JR1, R~], and defined in such 
a way that t ( r ,  ~, T) satisfies the nonuniform boundary 
conditions. 

Substituting (6) into (1)-(5), we obtain a system for 
determining the function u(r, ~, T). 

I Ou(r, % x ) =  O2u(r, ~, ~) ~ 1 Ou(r, ~, x) 

a dx Or* r Or 

+ 1 02u(r '~ ' ' : )  + L ( x ) u ( r , ~ , x ) + F ( r , ~ , x ) ,  (7) 
r ~ O~ ~ 

Ou (R1, ~, ~) a, b,u(R,, ~, x)----O, (8) 
dr 

Ou (R,, ~, x) 
a"- -1- b,u (R,., % x) = O, (9 )  

Or 

u (r, O, x ) =  u (r, 2re, x), (1o) 

u (r,  q~, O) = to (r ,  ~ )  - -  Z (r)  r (~, O) - -  

- - / ( r ) [ r  O ) - - k , r  0)! =uo(r, ~), (11) 

where 

F(r'  tP' ~)---- Q(r'  'P' 1 [ z ( r ) ~  + f ( r )  

>< [a ' i"-  [ ' a"l"l 
t a x  ' o x l j  + z ( r )  L(x)r r ~ O~' J +  

[ , ( 0,,, -k:, 
+f(r) (r -~- a~ 2 a~ ,  IJ " 

! d f l  • " + (r ~,)(d-7 + + r + (12) 
�9 \ d r  2 r a t ]  ~,-d-fi �9 d r /  

Then the functions z(r) and f ( r )  must satisfy the fol- 
lowing boundary conditions: 

dz + a df 
r =  ~,, a, -dTr r , ' -d7 x 

X (4".,. - -  }:, 4",) - -  b,z ap, - -  b,[(~p~ - -  k3 4,) = k,~p,, (13) 

dz ~df X 
r = R.,, a2 dr ~l + a2 dr 

X(..~"---~.~..:,,) +b.,z.h +bd(r  = k.,ah. (14) 
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We note that: 
with boundary  condit ions of the f i r s t  kind 

- - b l = b ~ = k ~ = l e 2 = l ,  a l = a s = O ,  

r  1, 2) a re  the t e m p e r a t u r e s  of the sur faces ;  
with boundary  condi t ions  of the second kind 

a l = a 2 = ~ ,  bx=bs-----0, - - k  1 - k  s =  1 , 

r a re  the sur face  heat  fluxes; 
with boundary  condi t ions  of the thi rd  kind 

r a re  the t e m p e r a t u r e s  of the su r round ing  media .  
Fol lowing [6], we shall  t ry  to make the chosen 

funct ions  z(r) and f ( r )  so lut ions  of the exp re s s ions  
enclosed in the las t  two pa r en the se s  of (12). 

We give expres s ions  for the funct ions  z(r) and f ( r )  
below. 

1. The boundary  condi t ions  a re  of the f i r s t  kind 
(r ~ r on both su r f aces ,  

z(r) = 1, f (r)= ln(R~/r) k~ = 1. 
lno) ' 

2. The boundary  condi t ions  a re  of the second kind 
(r ~ r on both su r f ace s ,  

r s 1 r l n r  
Z (r) : 

2LR~ I--o~ )~ 1 - - o '  
r s 1 o s Rs In r 

f (r) : k a ---- 1. 
2LR2 l - -o )  2 % 1- -o ) s '  

3. The boundary  condit ions a re  of the th i rd  kind 
(r ~ Ct) on both sur faces ,  

z (r) = 1, f(r) = a~6 ~ a~6 

1 - - ~  % ] 
X ~ + (1 - - m ) - - l n o )  , k3 = 1. 

o) a%~ 

X 

4. Mixed boundary  condit ions of the f i r s t  and sec -  
ond kinds:  

a) on the inne r  s u r f a c e - - f i r s t  kind, on the ou te r - -  
second kind, 

z ( r ) = l ,  f ( r ) =  lnRflr a16 

/[ ] - - O )  
lno) a15 ~ . , k3= 1. 

6. Mixed boundary  condi t ions  of the second the third. 
kinds:  

a) on the inne r  su r face - - second  kind, on the ou te r - -  
th i rd  kind, 

z(r) = ~  ~~ lno)r/R1+ --,m f(r) : 1, k3 = O; 

b) on the inner  s u r f a c e - - t h i r d k i n d ,  on the ou te r - -  
second kind, 

z (r) = 1, f (r) = Rs_ In r/R1 + ~ k3 = O. 
Z a le ) '  

The e xp r e s s i ons  for  z(r) a n d f ( r )  p r e se n t ed  in 
p a r a g r a p h s  1 to 6 also cover  the spec ia l  ca ses  when 
un i fo rm boundary  condi t ions  a re  a s s igned  on one of 
the sur faces .  

If r = r --- 0, we may  of cou r se  put z(r) = f(r)  --- 0. 

If r = r = r m 0, r and r having the same  d i m e n -  
s ion (cases  1 , 2 , 3 , 5 a  and 5b), we mus t  put f ( r )  = 0. In 
al l  the r e m a i n i n g  cases  the va lues  of z(r),  f ( r ) ,  and k3 
s tay unchanged.  

All  the va lues  of z(r)  a n d f ( r ) ,  bes ides  those given 
in pa rag raph  2, a r e  solut ions  of the d i f fe ren t ia l  ex-  
p r e s s i o n s  enclosed in the las t  two curved  b racke t s  
of (12). The va lues  of these  e x p r e s s i o n s  for  the case  of 
pa rag raph  2 a re  constant .  

E l i m i n a t i n g  the d i f fe ren t ia l  ope ra to r s  with r e spec t  
to r with the aid of an in t eg ra l  t r a n s f o r m a t i o n  in the 
i n t e rva l  [0, 27r] with the k e r n e l  [5] 

t 1 
I cos m ~ when ~ = 2m 

K (v, ~ )  = 

/--~- sin m ~ when v = 2m q- 1 

em = 2  w h e n m = 0 a n d e r a =  ] when m 4  =0, 

(15) 

z(r) = 1, [(r) = - -  (Rz/~) ln(RJr), k3 = O, 

b) on the inne r  su r face - - second  kind, on the ou te r - -  
f i r s t  kind, 

__ o) n 
z ( r )=  o)R? I n - - ,  f ( r ) =  1, le~=O. 

5. Mixed boundary  condi t ions  of the f i r s t  and th i rd  
kind (r # r 

a) on the inne r  s u r f a c e - - f i r s t  kind, on the ou te r - -  
third kind, 

z (r) ---- 1, 

f (r)= ln(R1/r) / [ lno)--  ~--~---(1--o))] k 3 ~ - l '  

b) on the inne r  su r f ace - - th i rd  kind, on the ou te r - -  
f i r s t  kind, 

m = O, 1, 2, 3, . . . ,  we shal l  reduce  our  p rob lem 
(7)-(11) to the fo rm 

a2u~(r, x) 
+ 

Or s 

1 au~ (r, x) m s 
u~ (~, ~) = 

r Or r 2 

1 au~(r, x) 
a Ox 

L(*)uv(r, x)--Fv(r,  ~), (16) 

au,(R1, ~) 
al & blU ~ (RI, T) = 0,  ( 1 7 )  

a2 
Or 

+ bsu v (R s, x) = 0, (18) 

uv (r, O) = u~o(r), (19) 
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where  
2~ 

ur x )=Su(r  , % x)K(~, ~)d~, 
0 

2~ 

F~ (r, ~) = S F(r, ~, ~)K(~, ep)d~, 
0 

ft~ 

U,o(r) = S uo(r, ,~) K (,~, ~) a ~. 
0 

The ke rne l  of  the in tegra l  t r a n s f o r m a t i o n  which p e r -  
m i t s  us  to e l imina te  d i f fe rent ia l  opera t ions  with 
r e s p e c t  to r in (16)-(18) will  be 

I 
M~ (n, r ) =  rMm,.(r), 

Cm: 

where  Mm, n(r)  i s  an eigenfunct ion of the p r o b l e m  

d~Mmn(r) 1 d M m n ( r ) ( 2  m ~) 
dr ~ ~ r ~ ' d r  + 13.,,.-- - ~ -  M.~,. (r) = O, (21) 

(20) 

a, dM"n (RO b~M,n,n (R,) = O, (22) 
dr 

a~ d;~.~ (R~) + b . ~ , .  (R~) = o. (23) 
dr 

The solution of (21) gives  the cy l indr ica l  functions 

Mm,~(r) = A,njm(~,~. r-f-~ +Bm~N., Fm.~ (24) �9 ~, �9 ~ /  �9 - ~ ,  �9 

where  the Im(x ) a r e  B e s s e l  functions of the f i r s t  kind 
and o r d e r  m; Nm(X ) is  a Neumann function of  o r d e r  
m ,  and # m , n  = f lm,n.  Rz. 

Substi tuting (24) into (22) and (23), we obtain the 
c h a r a c t e r i s t i c  equat ion for  the e igenvalues  Pm,  n 

] 

( aa__m 

X a~tn + l - -o)  Im(~m'n)--a~m'"Im+x(~m'n) =0.  (25) 

We shall  find, s imi l a r ly ,  that ,  to an a c c u r a c y  up 
to an a r b i t r a r y  mul t ip l i e r ,  which we m a y  convenient ly  
take equal  to unity, the cons tants  Am, n and Bin, n in 
(24) have the fo rm:  

[ 
Am,.-~ \ t adn + I - -~  ] N"~ (t~"'")-- a~m,.N.,+~ (~,...), 

Bm,~=-- a2m + I-- col Im(~'~'~)-a~Fm'"l'~+~(~t''") (26) 

We shall  d e t e r m i n e  the no rma l i z ing  denomina to r  
[5] f r o m  the e x p r e s s i o n  

Rz 

2 2 2 Cm.n= rM2m.n(r)dr=--~ - Zm(~m.n)+ Zm+l(l~m.n)~ 
R t  

2rn Z , . ( ~ , . ) Z m + ~ ( ~ , . ) ] -  Rz 
2 ~ - [ Z ~  ( ~ , ~ o ) +  

zo 2m ] + ~,+~ (v,m,.o)-- zm(v,,~,,,0~)z.,+~(,%,.~o) . (27) 
~ rn,n (0 

where  

Z. (x) = A,...Ip (x) + B,.,.Np (x). 

Since 
2 

Ip+ x (x) Np (x) - -  lp (x) Np+l (x) = ~ ,  
~ X  

the e x p r e s s i o n  for  Cm, n is  apprec iab ly  s impl i f ied  and 
t akes  the f o r m  

1 b~ 6 . ) 2  

2ma" ( azm " 1--~ ] 6 ~ P,,.~ [a~ _}_ __~ (ma~_ b~ 6 12 
IXm.. ~- 1~"," ~ (o I ~ o  ] - 

2ma~(a,m~.~2 o 1:cob16 )]} , (28) 

where  

P.,~ = [ ( a,m + ~ ] I,. (~tm,~) 2 

/[( o,mo ,--o~176 
Having accompl i shed  the in tegra l  t r a n s f o r m a t i o n  

of the p r o b l e m  (16)-(18) in the in te rva l  [RI,R2] with 
ke rne l  (20), we obtain an o rd ina ry  d i f fe rent ia l  equation 
of the f i r s t  o r d e r  

du~,,.(z) + ----A~.--L(g) u...(~)=aFv..(r) (29) 
d~ L R~ 

with the ini t ial  condition 

Rz  

uv, . (0) = .I uv~ (r) Mm (n, r) dr. 
R t  

(3o) 

The solut ion of (29), al lowing for  (30) will  be 

j o a ~  r, 

uv.n ('0 = exp - -  FTn.,t ~ + a L (1:) d "~ Fv.n (~:) X 

0 0 

[ e a ~ _ a ~ L ( x ) d x ] d x  x exp [~ , .~ .~ ,  + u,..(0)}. 
0 

C a r r y i n g  out the i nve r se  t r a n s f o r m a t i o n s ,  we obtain 

u~ (r, ~) = ~ uv.. (T) M~,. (r), 
n ~  1 

and finally,  
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u (r ,  ~, ~) = c o s  m ~ u~,n (~) M,~,~ (r + 

ca 

tn~l n=l 

(31) 

w h e r e  

U2m,n=exp - -Fm,n~ + a L(T) dT X 
R2 

0 
2~ R= "r 

( f~;F(r,q~, T)c---~162 
X Cl, ~ m  

0 R,O 

>(exp[~m,n--~2 --a L(T)dT dcdrdT + 
0 

2~ R2 

"~" S f "u~ q)),cosmq) Mm(n ' r)dcpdrl ' 
~Stn l 

0 Rt 

(32) 

I 2 a T  
u~+l.n = exp - -  ~m,n R--~2 + 

0 0 R~O 

[ • s lnm~ Mm(n ' r) aT e x p  ~,~ ,~ 

--ayL(T)dTld~drdT-t- 
o 

-~-~,f~to(r, ~)sintn~Mm(n , ~  r) dcpdr}. 
0 R, 

(33) 

Mm(n, r)  is  d e t e r m i n e d  f rom (20), t ak ing  account  
of (24), (26), and (28); F ( r ,  CO, r ) - - f r o m  (12); u0(r, r  
f r om ( i i ) .  

Thus ,  the  t e m p e r a t u r e  f i e ld  of the hol low c y l i n d e r  
in the g e n e r a l  c a s e  i s  d e t e r m i n e d  by e x p r e s s i o n  (6), 
t ak ing  account  of (31)-(33) .  

If, b e s i d e s  (4), we a r e  given the condi t ion 

t(r, % T ) = t ( r ,  - - %  T), 

which in the g e n e r a l  c a s e  m u s t  be s a t i s f i e d  a l so  by the 
funct ions  Q(r ,  C0,T), r and t0(r,  CO), then the s e c -  
ond sum in (31), conta in ing  sin mco, is  equal  to z e r o ,  

s i nce  the  k e r n e l  L(v,  CO) with v = 2m + 1 and U2m+l,n 
i s  equal  to ze ro .  If the i n t e r n a l  hea t  s o u r c e s  Q, and the 
i n i t i a l  and bounda ry  condi t ions  a r e  independent  of angle  
~0, then f r o m  (31)-(33)  we m a y  obta in  the  c o r r e s p o n d -  
ing e x p r e s s i o n  for  the  t e m p e r a t u r e  f ie ld  of a s y m m e t -  
r i c a l l y  hea ted  hollow cy l inde r .  

In th i s  case ,  m - 0, and then 

t (G T) = Z (r) *z ('~) -[- f (r) [ ~  (T) - -  k3 '1 iT)] _~L 

n : l  0 Rt 0 

X e x p [ ~ o , n - ~ -  2 -- ao L ('~)dT + 2n, u~ i)dr �9 (34) 

Then  #o, n, M0(n, r )  a r e  d e t e r m i n e d ,  r e s p e c t i v e l y ,  
f r om (25) and (20), t ak ing  account  of (24), (26) and 
(28) with m = 0. The  fo rm of the funct ions  z(r )  and 
f ( r )  r e m a i n s  unchanged.  

E x p r e s s i o n s  (31) and (34) c o v e r  a l l  p o s s i b l e  c o m -  
b ina t ions  of un i fo rm and nonuni form boundary  con-  
d i t ions  of the  f i r s t ,  second,  and t h i r d  k inds ,  and b e -  
cause  the  s g l u t i o n s  w e r e  obta ined in the  fo rm of (6), 
they  s a t i s fy  t h e  nonuni form boundary  condi t ions  both 
ins ide  and on the bounda r i e s  of the i n t e r v a l  [R~, R2]. 

NOTATION 

t, r ,  q~, ~ a r e  the c u r r e n t  t e m p e r a t u r e ,  r ad iu s ,  an-  
gle ,  and t i m e ;  a,  ~t a r e  t h e r m a l  d i f fus iv i ty  and t h e r -  
m a l  conduct iv i ty ;  R~, R 2 a r e  the  i nne r  and ou te r  r a d i i  
of the tube; co = RJR2;  ~1, ~2 a r e  coef f i c ien t s  of hea t  
t r a n s f e r  f rom the inner  and ou te r  s u r f a c e s  of the  tube; 
6 = R 2 - R 1 i s  the tube wal l  t h i ckness .  
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